When the parameters associated with a wave evolve adiabatically as it propagates, Berry 1 has pointed out that the wave acquires an additional phase that depends on the geometry of the evolution in parameter space. It has been pointed out 2 that this is the manifestation of anholonomy and therefore is also referred to as a topological phase. One of the first applications of this result that gave experimental conf irmation has been to laser propagation in a helical optical fiber in which the adiabatic evolution in parameter space is that of the propagation direction. 3 The propagation vector k rotates about an axis in the k space (which forms the parameter space in this case) as required by Berry-phase theory. The Berry-phase theory requires that the evolving vector be at least three dimensional in parameter space and has been applied to a variety of problems in various branches of physics apart from optics. 4 The topological Berry phase persists even if the dimension of the parameter space is two, i.e., the vector in parameter space adiabatically evolves over a plane. In this case the parameter space has to be interpreted as the projected plane. An affirmative answer in terms of experimental proof to this question has been supplied by Pancharatnam 5 and later by a reinterpretation of the Pancharatnam phase as a case of Berry phase. 6 -8 This phase arises when the polarization of an optical beam evolves as it propagates so that the representative point of polarization moves on the Poincaré sphere describing a closed spherical curve C s on the sphere. If V Cs is the solid angle subtended by the spherical curve on the Poincaré sphere, the Pancharatnam or Berry phase in this case is f P 21͞2V Cs . The Poincaré sphere is homomorphic to the completed complex plane by stereographic projection, which permits the complex representation of the polarization. 9, 10 In this representation a complex parameter x completely describes the polarization, and, as the polarization evolves on a closed contour C s on the Poincaré sphere, the point x evolves on the complex plane on an equivalent closed contour C. From this follows the result that when the parameter space is the projected plane, the evolution of the parameter on a closed contour C on this plane is responsible for an additional Pancharatnam topological phase. More generally the associated Berry phase is the f lux of the 2-form built from the wedge product of parameter derivatives of the spinor describing the state of the photon. 1, 8 The above reasoning has not been well exploited in other wave-propagation problems involving parameter evolution on a plane. An important case of such an evolution is paraxial Gaussian beam optics described in terms of the complex beam width parameterg. As the electromagnetic beam propagates in the z direction (say) the parameterg͑z͒ evolves on the complexg plane. If we apply the theory of Berry phase and its version applicable to the projected plane as in the case of Pancharatnam phase, it follows that if the parameter g͑z͒ evolved over a closed contour C in the completed complexg plane, the electromagnetic beam would have acquired an additional phase that is dependent only on the contour C. The evolution of the parameterg is equivalent to the electromagnetic beam focusing or defocusing as it propagates. We are, therefore, able to infer the result that the electromagnetic beam acquires an additional phase when going through the process of focusing or defocusing. A phase related to focusing has been known as the Gouy phase 11, 12 in optics for a long time. This Letter, therefore, generalizes the Gouy phase and relates it to the Berry phase.
To facilitate the reasoning I introduce the concept of a focusing sphere, similar to the concept of a Poincaré sphere in polarization optics. The focusing sphere of unit diameter would be the Riemannian sphere, which by stereographic projections is equivalent to the completed complexg plane. The south pole of thisg sphere rests on the origin of theg plane and corresponds to focusing to a point. The north pole of the focusing sphere corresponds to the point at inf inity of theg plane and represents complete defocusing of the Gaussian beam. The points on the equator of thẽ g sphere corresponding to points on the unit circle of theg plane represent plane wave front with arbitrary constant beam width. The requirement that the actual beam width be always positive requires thatg . 0 always. Hence the contour in theg plane is always in one half-plane or equivalently in one hemisphere of thẽ g sphere.
The Gaussian beam amplitude is given in terms of g͑z͒ as E͑z͒ E͓g͑z͔͒ E 0g 21 exp͑kr 2 ͞2ig͒, where E 0g 21 is the axial ͑r 0͒ amplitude and ͑2g͞ik͒ is the square of the initial complex beam width (k is the wave number). It is known from paraxial Gaussian beam optics 13, 14 thatg͑z͒ evolves through the equatioñ
Here the ͑2 3 2͒ A 1 B 1 C 1 D 1 matrix denoted by T 1 generates through this bilinear transformation the parameterg͑z͒ from its initial valueg 0 g͑0͒. T 1 happens to be the same as the transformation matrix for paraxial rays, i.e., if S ͑r, r 0 ͒ ͑q, p͒ is the phase-space vector of the ray ͓r 0 ͑z͒ dr͞dz͔, then S͑z͒ T 1 S͑0͒.
The theory of Berry phase and its relation to the Pancharatnam phase or the phase developed as the parameters of the wave evolve over a plane as outlined above indicates that the phase developed by the electromagnetic wave as it follows a focusing-defocusing curve C s over the g sphere is equal to minus half the solid angle subtended by the closed curve C s at the center of theg sphere, f F 21͞2V C . It is useful to write this formula in terms of the closed curve C on the projected plane. Ifg g r 1 ig i r exp͑in͒ and the curve C encloses an area A c on theg plane, we can find the solid angle equivalent on the complex plane using a standard formula 15 :
where the last two expressions above are obtained by the complex form of Green's theorem, viz.,
In this Letter all examples are from the case in which path C is a circle of radius r. On theg sphere the equivalent path is also a spherical circle C s so that the Berry phase acquired is f F 21͞2V Cs , where V Cs is the solid angle subtended by curve C s of angular radius u c . We have explicitly 
As a first example, consider the rigid geometrical focusing of a set of rays of the Gaussian beam that pass through a point focus without diffraction effects and diverge later. This idealized experiment corresponds to a representative point on theg sphere starting at the north pole of theg sphere and descending on the sphere over a great circle into the south pole of theg sphere from where the great circular path is continued until the point reaches the north pole of theg sphere again. The closed path C s passes through the two poles of theg sphere in this case and divides theg sphere into two equal parts. The path C s subtends a solid angle V Cs 22p at the center of theg sphere so that the Berry-phase factor is f F f Gouy p as the path C s is traversed by the beam. This is the Gouy phase developed by the beam as a correction to geometrical optics as it passes through the focus. 11, 12 Note that in this idealized example when the phase jump is p the diffraction effects at the focus have been avoided. A full treatment that is beyond the scope of Gaussian optics is given in Ref. 12 .
To consider diffraction effects at the focus in the case in which the path in the g plane is again a circle, we consider next the paraxial Gaussian beam in a continuous lenslike medium. In this example it is convenient to deal with another beam width parameter g͑z͒ 1͓͞bg͑z͔͒ with a suitable value of b (see below). Except for the constant factor 1͞b this parameter is the inverse of the parameterg͑z͒, and accordingly the point at inf inity and the origin are interchanged. Considering the stereographically equivalent g sphere, the south pole of the g sphere corresponds to complete defocusing, whereas the north pole of the g sphere corresponds to focusing to a point.
The parameter g is useful in discussing the continuous transition through the focusing and defocusing phases of a Gaussian beam as in a lenslike medium or a Selfoc optical fiber. The advantage is that the parameter g͑z͒ evolves through the bilinear (Mobius) transformation
where
with b p k 2 ͞k, e e 0 ͓1 2 ͑k 2 ͞2k͒r 2 ͔, k k 0 e 0 1/2 , and k 0 v͞c. Here e is the dielectric constant of the square-law-based lenslike medium and k 0 is the vacuum wave number. Note that D A A and C 2B 2B in the matrix T . A Mobius transformation as in Eq. (4a) above with such a relationship between ͑D, A͒ and ͑B, C͒ indicates the evolution of g͑z͒ over a circle C in the g plane 15 or equivalently a spherical circle C s on the g sphere. 14 The g sphere rotates about one of its diameters by an angle bz as the beam propagates along z. It can be shown that in the g plane the contour C is restricted to the upper half-plane and is a circle of radius r ͑g ci
with the center at g c ͑0, g ci ͒, where g ci ͑g 0r 2 1 g 0i 2 1 1͒͞4g 0i . The corresponding Berry phase is f F 21͞2V C s 2p͑1͞g ci 2 2 1͒. This f F is then the generalization of the Gouy phase to the case of laser propagation in a lenslike medium per circuit. It would effectively add a correction to the propagation constant by a factor ͑1 1 f F b͞2p͒.
Such a Berry phase would also be associated with the evolution of a soliton or with self-focusing of a laser beam. The use of a complex beam width parameter g for the case of self-focusing or soliton evolution has been discussed earlier.
The dynamics of the representative path on the g plane dictated by the appropriate ABCD matrices of different optical elements of an optical system, be they linear 13, 14 or nonlinear, 16, 17 could be complicated in general. If the topological phase is to be calculated iteratively, in general, as the path on the complex g plane is traversed, numerical integration of either of the last two expressions in Eq. (2) can be done to calculate the phase f F ͑g͒, assuming that the path in g plane will eventually close.
The ABCD matrices in Eq. (4) and the corresponding evolutions of the complex parameterg͑z͒ or g͑z͒ are single complex parameter theories that arise when a single T 1 or A 1 B 1 C 1 D 1 matrix describing the evolution on a single phase-space (symplectic) plane ͑r, r 0 ͒ ͑q, p͒ is involved. In general one must consider a more general ray system that involves multiple symplectic planes, implying a system with more degrees of freedom. In a system with more degrees of freedom admitting n pairs of quantities S ͕S i ͖, S T ͑q, p͒, q ͕q i ͖, and p ͕p i ͖ ͑i 1, . . . n͒ (superscript T denotes the transpose) def ining the symplectic space, each of the ABCD matrices is an ͑n 3 n͒ square matrix. The evolution in z of the 2n-rowed matrix S is given by 18 
S͑z͒

"
q͑z͒ p͑z͒
such that the matrix L itself follows the symplectic canonical evolution condition, L T JL J, k L k 1, and I is an ͑n 3 n͒unit matrix. If we further define
then one can also define an associated transformation for the ͑n 3 n͒ complex matrix, 18 W ͕w ij ͖ n3n :
formed from L 0 , which biregularly maps the unit disk onto itself. Equation (7) is the proper generalization of Eq. (1) to the case of n-degrees-of-freedom system with n, q i 's and n, p i 's. Each complex plane w ij can then be associated with a Riemannian unit sphere, and the topological phase pertaining to each such plane can be calculated as the system evolves in phase space.
In summary, I have shown in this Letter how the symplectic optical systems can acquire topological phases of which Gaussian beam optics forms the simplest application. It is expected that as in the case of Pancharatnam phase 19, 20 this new topological phase in Gaussian optics will find applications.
